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Abstract
In this paper, we introduce the notion of an almost Armendariz ring which is a
generalization of an Armendariz ring and discuss some of its properties. In 2006,
Liu and Zhao introduced the concept of weak Armendariz ring. It has been observed
that, every almost Armendariz ring is weak Armendariz but converse need not be
true. We prove that a ring R is an almost Armendariz if and only if R[x] is an
almost Armendariz. It is also shown that if R/I is an almost Armendariz ring and I
is semicommutative ideal, then R is an almost Armendariz ring. Moreover, the class
of minimal noncommutative almost Armendariz rings is completely determined, up
to isomorphism (minimal means having smallest cardinality).
Mathematical subject classification : Primary 16D25, 16N40; Secondary (optional) 16N80.
Key Words : Armendariz ring, weak Armendariz ring, semicommutative ring, Lower
nilradical, Almost Armendariz ring.
1. INTRODUCTION
Throughout this paper, R denotes an associative ring with identity 1 6= 0 and R[x] is the
usual polynomial ring over R in indeterminate x. For a polynomial f(x) ∈ R[x], Cf(x)
denotes the set of all coefficients of f(x). Mn(R) and Un(R) denote the n×n full matrix
ring and upper triangular matrix ring over R respectively. Dn(R) is the ring of n × n
upper triangular matrices over R whose diagonal entries are equal. We use eij for the
matrix with (i, j)th entry 1 and 0 otherwise.
For a ring R, N(R) denotes the set of all nilpotent elements of R. We also know that an
element a of a ring R is strongly nilpotent if every sequence a1, a2, a3 . . . such that a1 = a
and an+1 ∈ anRan (for all n ∈ Z+) is eventually zero, i.e. there exist a positive integer n
such that an = 0. Recall that the lower nil radical (prime radical) of a ring R is defined
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by the intersection of all prime ideals of R and it is denoted by N∗(R). It is precisely
the collection of all strongly nilpotent elements of R, i.e., N∗(R) = {x ∈ R : RxR is
nilpotent}. N∗(R) denotes the upper nil radical (i.e sum of nil ideals of R). It is known
that N∗(R) ⊆ N
∗(R) ⊆ N(R). Due to Birkenmeier et al.[4], a ring R (without identity)
is said to be 2-primal if N∗(R) = N(R) and by Mark [17] , R is said to be NI ring if
N∗(R) = N(R).
A ring R is said to be reduced if it has no nonzero nilpotent elements. In 1974, Armendariz
had pointed out that a reduced ring is satisfying the condition of Lemma 1 of [3]. In
1997, term Armendariz ring was coined by Rege and Chhawchharia in [18].
Definition 1.1. A ring R is said to be Armendariz if for two polynomials f(x) and
g(x) ∈ R[x], f(x)g(x) = 0 implies ab = 0 for each a ∈ Cf(x) and b ∈ Cg(x).
For more details the reader is referred to [[1, 2, 3, 7, 13, 14, 16]]. In 2006, Liu and
Zhao generalized the concept of Armendariz ring and introduced the weak Armendariz
ring in [16].
Definition 1.2. [Liu and Zhao [16]] A ring R is said to be weak Armendariz if for two
polynomials f(x) and g(x) ∈ R[x] such that f(x)g(x) = 0 implies ab ∈ N(R) for each
a ∈ Cf(x) and b ∈ Cg(x).
A ring R is said to be semicommutative if ab = 0 implies aRb = 0, for each a, b ∈ R.
Semicommutative ring was introduced by Shin [[19], Lemma 1.2]. Liu and Zhao proved
that if R is semicommutative ring, then polynomial ring R[x] over weak Armendariz
ring is weak Armendariz ring. In 2008, the concept of nil Armendariz ring, which
is the generalization of weak Armendariz ring, introduced by Antoine [2]. A ring R
is said to be nil-Armendariz ring if whenever two polynomials f(x) =
∑m
i=0 aix
i and
g(x) =
∑n
j=0 bjx
j ∈ R[x] such that f(x)g(x) ∈ N(R)[x] implies aibj ∈ N(R), for each i,
j, where 0 ≤ i ≤ m and 0 ≤ j ≤ n. He proved that a ring R is nil-Armendariz if and
only if R/I is nil-Armendariz ring, where I is a nil ideal of R.
In 2013, Han et al. [7] introduced the concept of Armendariz-over-prime-radical
(APR) and defined that a ring R is said to be an APR if f(x)g(x) ∈ N∗(R)[x] implies
ab ∈ N∗(R) for each a ∈ Cf(x) and b ∈ Cg(x). Clearly, APR rings are nil-Armendariz ring
but converse is not true.
It is known that (0) ⊆ N∗(R) ⊆ N(R). Therefore, motivated by above we introduce
the notion of an almost Armendariz ring involving N∗(R). Some of results on lower nil
radical can be viewed in [[6, 15]].
2. ALMOST ARMENDARIZ RINGS
Definition 2.1. A ring R is said to be an almost Armendariz ring if for two polynomials
f(x) and g(x) ∈ R[x] such that f(x)g(x) = 0 implies ab ∈ N∗(R) for each a ∈ Cf(x) and
b ∈ Cg(x).
Clearly, a subring of an almost Armendariz ring is an almost Armendariz. Every
Armendariz ring is an almost Armendariz ring and every almost Armendariz ring is weak
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Armendariz, but converse need not be true. If R is commutative, then every weak Ar-
mendariz ring is an almost Armendariz. Also, if R is a nil ring, then both are equivalent.
Example 2.1. Let R = Z5[x, y]/ < x
3, x2y2, y3 >, where Z5 is Galois field of order 5,
Z5[x, y] be polynomial ring with commuting indeterminate x, y and < x
3, x2y2, y3 > be the
ideal of Z5[x, y] generated by x
3, x2y2, y3. Here, R is not an Armendariz ring because if
we take two polynomial f(t) = (x + yt), g(t) = (3x2 + 2xyt + 3y2t2), then f(t)g(t) = 0
but x.2xy 6= 0. We can easily see that R is an almost Armendariz ring.
Example 2.2. Let R be a reduced ring. Then the ring Dn(R) is not an Armendariz by
Kim and Lee [[13], Example 3] when n ≥ 4. But Dn(R) is an almost Armendariz ring
by Proposition (3.3).
Example 2.3. We refer the construction of ring in [[10], Example 1.2]. Let S be a reduced
ring, n a positive integer and Rn = U2n(S). Then each Rn is NI ring by Proposition 4.1(1)
of [10]. Define a map σ : Rn → Rn+1 by A 7→
(
A 0
0 A
)
. Then Rn can be considered as
subring of Rn+1 via σ (i.e., A = σ(A) for A ∈ Rn). Notice that D = {Rn, σnm}, with
σnm = σ
m−n whenever n ≤ m, is a direct system over I = {1, 2, . . .}. Set R = Lim−−→ Rn be
the direct limit of D. Then R =
⋃
∞
n=1Rn, and R is NI by Proposition 1.1 of [10]. Since
NI rings are nil Armendariz rings and every nil Armendariz ring is weak Armendariz
ring. Therefore, R is weak Armendariz ring. Also by Theorem 2.2(1) of [12], R is a
semiprime ring, hence N∗(R) = 0. Here, R is not APR, by Lemma 1.1(7) of [7], since
N∗(R) = {m = (mij) ∈ R | mii = 0 for all i} 6= 0. Since N∗(R) = 0, therefore R
is not almost Armendariz ring. In fact, if we take the polynomials f(x) = e11 + e12x,
g(x) = e22 − e12x in R[x], then f(x)g(x) = 0 but e11e12 6= 0 and e12(−e22) = −e12 6= 0.
Proposition 2.1. Let R be an almost Armendariz ring. Then
(1) For a, b, c ∈ R, ab = 0 and cn = 0 imply that acb ∈ N∗(R), so acb ∈ N(R).
(2) For a, b ∈ R, a2 = 0 and bn = 0 imply that ab ∈ N(R).
(3) For a, b ∈ R, a2 = 0 and bn = 0 imply that (a+ b) ∈ N(R).
Proof. (1) Let f(x) = a(1 − cx), g(x) = (1 + cx + c2x2 + . . . + cn−1xn−1)b. Then
f(x)g(x) = 0. Since R is an almost Armendariz ring, therefore acb ∈ N∗(R) and
hence acb ∈ N(R).
(2) Let f(x) = a(1− bx), g(x) = (1+ bx+ b2x2+ . . .+ bn−1xn−1)a. Then f(x)g(x) = 0.
Since R is an almost Armendariz ring, therefore aba ∈ N∗(R) this implies abab ∈
N∗(R). Since N∗(R) ⊆ N(R), therefore (ab)
2 ∈ N(R) and hence ab ∈ N(R).
(3) Case (i) If a2 = 0 and b2 = 0, and we take f(x) = a(1 − bx), g(x) = (1 + bx)a,
then f(x)g(x) = 0. Since R is an almost Armendariz ring, therefore aba ∈ N∗(R).
Now,
(a+ b)2 = a2 + ab+ ba+ b2 = ab+ ba
and
(a+ b)3 = (a+ b)(ab+ ba) = a2b+ aba + bab+ b2a
3
and
(a+ b)4 = (a+ b)(aba + bab) = a2ba + abab+ baba + b2ab = abab + baba ∈ N∗(R).
That is (a + b)4 ∈ N∗(R), since N∗(R) ⊆ N(R), therefore (a + b)
4 ∈ N(R) and
hence (a+ b) ∈ N(R).
Case (ii) If a2 = 0, b3 = 0, and f(x) = a(1 − bx), g(x) = (1 + bx + b2x2)a, then
f(x)g(x) = 0. Since R is an almost Armendariz ring, therefore aba, ab2a ∈ N∗(R).
Now,
(a + b)2 = a2 + ab+ ba + b2 = ab+ ba + b2,
(a + b)3 = (a+ b)(ab+ ba + b2) = a2b+ aba + ab2 + bab+ b2a+ b3
= aba + ab2 + bab+ b2a+ b3 = aba + ab2 + bab+ b2a.
By similar argument, we get (a+b)6 = ababab+abab2a+ab2aba+ab2ab2+bababa+
babab2 + bab2ab + b2abab + b2ab2a ∈ N∗(R), therefore (a + b)
6 ∈ N(R) and hence
(a+ b) ∈ N(R). Similarly,
Case (iii) If a2 = 0, b4 = 0, we get (a+ b)8 ∈ N∗(R) and hence (a+ b) ∈ N(R).
Case (iv) a2 = 0, b5 = 0, we have (a + b)10 ∈ N∗(R). Therefore, (a+ b) ∈ N(R).
Hence, in continuation, we conclude that if a2 = 0, bn = 0, we get (a+b)2n ∈ N∗(R),
since N∗(R) ⊆ N(R), therefore (a + b)
2n ∈ N(R). Thus, (a + b) ∈ N(R).
Proposition 2.2. In an almost Armendariz ring R, the following are equivalent:
(1) For a, b ∈ R, a3 = 0 and b3 = 0 imply a+ b ∈ N(R).
(2) For a, b ∈ R, a3 = 0 and b3 = 0 imply ab ∈ N(R).
Proof. In this case we have four possibilities for polynomials f(x) and g(x) in R[x].
(i) If f(x) = a(1− bx), g(x) = (1+ bx+ b2x2)a2, then f(x)g(x) = 0. Since R is an almost
Armendariz ring, therefore aba2, ab2a2 ∈ N∗(R).
(ii) If f(x) = a2(1 − bx), g(x) = (1 + bx + b2x2)a, then f(x)g(x) = 0 and this implies
a2ba, a2b2a ∈ N∗(R).
If we interchange a and b, then we will get the other two and here b2ab, b2a2b, bab2, ba2b2 ∈
N∗(R).
(1)⇒ (2): To prove ab ∈ N(R), first we see about nilpotency of a+ b. Clearly, all terms
of the expansion of (a + b)5 contained in N∗(R), except ababa and babab. Since (a + b)
is nilpotent, so there exist a positive integer n such that (a + b)n = 0. If n is even, then
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0 = α+(ab)n/2+(ba)n/2, where α ∈ N∗(R) and therefore (ab)
n/2+(ba)n/2 ∈ N∗(R). Now
multiplying by ab from right, we get (ab)n/2(ab) + (ba)n/2(ab) ∈ N∗(R), but (ba)
n/2(ab) ∈
N∗(R). Therefore, (ab)
n/2+1 ∈ N∗(R) and hence ab ∈ N(R).
If n is odd, then 0 = (a+b)n = (a+b)n+1 = β+(ab)(n+1)/2+(ba)(n+1)/2, where β ∈ N∗(R)
and hence (ab)(n+1)/2 + (ba)(n+1)/2 ∈ N∗(R). Now multiplying by ab from right, we get
(ab)(n+3)/2 ∈ N∗(R). Thus ab ∈ N(R).
(2) ⇒ (1): Since all terms of (a + b)5 are in N∗(R) except ababa and babab. Also ab
is nilpotent and so is ba. Therefore by increasing power of (a+ b) till ab and ba reached
to their nilpotency. In this way, we get a positive integer m such that (a+ b)m ∈ N∗(R).
Thus (a+ b) ∈ N(R).
A ring R is abelian if every idempotent element is central. In 1998, Anderson and
Camillo proved that Armendariz rings are abelian. But, it is seen that an almost Armen-
dariz ring need not be abelian. In this regards we have the following:
Example 2.4. By following Proposition (3.2), R is an almost Armendariz ring if and
only if Un(R) is an almost Armendariz ring. But, e11e1n 6= e1ne11, where e
2
11 = e11 and
e11, e1n ∈ Un(R). Hence, an almost Armendariz ring is not an abelian.
Proposition 2.3. If R is an almost Armendariz ring, then R/N∗(R) is an abelian.
Proof. Let e ∈ R be an idempotent and consider a = e, b = (1 − e). Then a and b are
idempotents in R and c = er(1−e) ∈ R for each r ∈ R. Also, e+N∗(R), (1−e)+N∗(R) are
idempotent elements of R/N∗(R) and er(1− e)+N∗(R) ∈ R/N∗(R). Now, by Propsition
[2.5 (1)], eer(1− e)(1− e) = er− ere ∈ N∗(R). Again, if we take a
′
= (1− e), b
′
= e and
c
′
= (1− e)re are in R, then (1− e)(1− e)ree = (1− e)re = re− ere ∈ N∗(R). Therefore,
(er − ere)− (re− ere) = er − re ∈ N∗(R). Thus, R/N∗(R) is abelian.
Proposition 2.4. Let R be a ring and e an idempotent element of R. If e is central in
R, then the following are equivalent:
(1) R is an almost Armendariz.
(2) eR and (1− e)R are almost Armendariz ring.
Proof. (1)⇒ (2). It is obvious, since N∗(eR) = eN∗(R) and N∗((1−e)R) = (1−e)N∗(R).
(2)⇒ (1). Let f(x) =
∑m
i=0 aix
i and g(x) =
∑n
j=0 bjx
j ∈ R[x] be such that f(x)g(x) =
0. Then (ef)(eg) = 0 and (1− e)f(1− e)g = 0. Since eR is an almost Armendariz ring,
therefore eaibj ∈ N∗(R). Similarly, (1 − e)aibj ∈ N∗(R), since (1− e)R is also an almost
Armendariz ring. Therefore aibj ∈ N∗(R) for each i, j, where 0 ≤ i ≤ m and 0 ≤ j ≤ n.
Thus R is an almost Armendariz ring.
A ring R is said to be weakly semicommutative if for any a, b ∈ R, ab = 0, then
arb ∈ N(R) for each r ∈ R.
Here, we observe that an almost Armendariz ring need not be weakly semicommutative
ring and vice-versa.
In Example (2.3), it is shown that R is an NI ring. Let ab = 0. Then ba ∈ N(R) and
hence baR ⊆ N(R). This implies aRb ⊆ N(R). Therefore, R is weakly semicommutative
ring.
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Example 2.5. Let K be a field and R = K[a, b]/ < a2 >. By Example (4.8) of [2], R is
an Armendariz ring. Therefore, R is an almost Armendariz ring. But it is not a weakly
semicommutative, because, (ba)a = 0 but (ba)b(a) is not a nilpotent element of R.
A ring R is locally finite if every finite subset in it generates a finite semigroup
mutiplicatively.
Proposition 2.5. Let R be locally finite abelian ring. If R is an almost Armendariz ring,
then R is a weakly semicommutative ring.
Proof. Let ab = 0. For any r ∈ R, since R is locally finite, therefore there exist positive
integers m,n such that rm = rm+n. Then inductively, we have rm = rmrn = rmr2n =
. . . = rmrmn = rm(n+1). Put t = n + 1, then rm = (rm)t. Observe that, r(t−1)m =
r(t−2)mrm = r(t−2)m(rm)t = r2(t−1)m = (r(t−1)m)2, hence r(t−1)m is an idempotent. Since R
is an abelian, therefore, ar(t−1)mb = 0. Now, by Proposition (2.1), arb ∈ N(R). Thus, R
is a weakly semicommutative ring.
Proposition 2.6. Every 2-primal ring is an almost Armendariz ring.
Proof. Let f(x) =
∑m
i=0 aix
i and g(x) =
∑n
j=0 bjx
j ∈ R[x] such that f(x)g(x) = 0. Then
a0b0 = 0 (1)
a0b1 + a1b0 = 0 (2)
a0b2 + a1b1 + a2b0 = 0 (3)
. . . . . . . . .
a0bm + a1bm−1 + a2bm−2 + . . .+ amb0 = 0 (4)
a0bm+1 + a1bm + a2bm−1 + · · ·+ amb1 = 0 (5)
a1bm+1 + a2bm + a3bm−1 + · · ·+ amb2 = 0 (6)
. . . . . . . . .
ambn = 0 (7)
Since R is 2-primal and a0b0 ∈ N∗(R) by (1), we have b0a0 ∈ N∗(R). Now, multiplying
by a0 from right in (2), we get a0b1a0 ∈ N∗(R). This implies a0b1a0b1 ∈ N∗(R) and hence,
a0b1 ∈ N∗(R). Again, multiplying by a1 from right in (2), we get a1b0 ∈ N∗(R).
Now, multiplying (3) by a0, a1 and a2 respectively from right and using a0b1, a1b0 ∈ N∗(R),
we get a0b2, a1b1, a2b0 ∈ N∗(R). In continuation, multiplying (4) by a0, a1, a2, . . . , am and
using aibj ∈ N∗(R), where 1 ≤ i + j ≤ m − 1, we get a0bm, a1bm−1, . . . , amb0 ∈ N∗(R).
Ultimately, we have aibj ∈ N∗(R) for each 0 ≤ i ≤ m, 0 ≤ j ≤ n. Thus, R is an almost
Armendariz ring.
It has been proved that 2-primal rings are almost Armendariz but converse is not
true. In this regard, we have the following example:
Example 2.6. Let F [X, Y ] be the free algebra over the field F with noncommuting inde-
terminates X, Y and I be the ideal (X2)2 of F [X, Y ]. Consider the ring R = F [X, Y ]/I
and x = X+I. Then by Example 1 of [8], N(R) = xRx+Rx2R+Fx and N∗(R) = Rx
2R.
Therefore, R is not 2-primal. Again, if f(t), g(t) ∈ R[t] such that f(t)g(t) = 0, then
ab = 0 for each a ∈ Cf(t) and b ∈ Cg(t) and hence R is Armendariz ring. Thus, R is an
almost Armendariz ring.
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Proposition 2.7. If I ⊆ N∗(R) and R/I is an almost Armendariz, then R is an almost
Armendariz.
Proof. Suppose two polynomials f(x) and g(x) ∈ R[x] are such that f(x)g(x) = 0. Then
f(x)g(x) = 0 in N∗(R/I)[x] and this implies that ab ∈ N∗(R/I), because R/I is an
almost Armendariz. We know that N∗(R/I) = N∗(R)/I. Therefore ab ∈ N∗(R) for each
a ∈ Cf(x) and b ∈ Cg(x). Thus, R is an almost Armendariz ring.
Proposition 2.8. A Semicommutative ring is an almost Armendariz ring.
Proof. Let f(x) =
∑m
i=0 aix
i and g(x) =
∑n
j=0 bjx
j ∈ R[x] be such that f(x)g(x) = 0.
Then f(x)g(x) = 0 ∈ R/N∗(R)[x]. Since R is a semicommutative ring, so R/N∗(R) is
reduced. Hence (aibj) = 0 ∈ R/N∗(R), i.e. (aibj + N∗(R)) = N∗(R), for each i, j. This
implies that aibj ∈ N∗(R), for each i, j where 0 ≤ i ≤ m and 0 ≤ j ≤ n. Hence R is an
almost Armendariz ring.
By above Proposition, Semicommutative rings are almost Armendariz ring but con-
verse is not true. In this regards we have the following example:
Example 2.7. Let F be a field and A = F [a, b, c] be a free algebra of polynomials with
constant term zero in noncommuting indeterminates a, b, c over F . Here, A is a ring
without identity. Consider an ideal of F + A = I generated by cc, ac, crc, for all r ∈ A.
Let R = (F + A)/I and denote a + I by a. From Example 14 of [9], R is Armendariz,
therefore R is an almost Armendariz ring. But it is not a semicommutative ring because
ac ∈ I but abc /∈ I.
Theorem 2.1. For a ring R, let R/I be an almost Armendariz ring for some ideal I of
R. If I is semicommutative ideal of R, then R is an almost Armendariz ring.
Proof. Let f(x) =
∑m
i=0 aix
i and g(x) =
∑n
j=0 bix
j ∈ R[x] be such that f(x)g(x) = 0.
This implies rsf(x)g(x)rt = 0 for each rs, rt ∈ R and hence
m+n∑
k=0
(
∑
i+j=k
rsaibjrt)x
k = 0 (2.1)
for each rs, rt ∈ R. Also, f(x)g(x) = 0 implies that f(x)g(x) = 0 ∈ (R/I)[x]. Since
R/I is an almost Armendariz ring, so aibj ∈ N∗(R/I) for each i, j where 0 ≤ i ≤ m and
0 ≤ j ≤ n. This implies there exists a positive integer nij such that (rsaibjrt)
nij ∈ I for
each i, j and all rs, rt ∈ R. In fact, nij is maximal among all nisjt for all rs and rt of R.
Now, by principle of induction we will prove that aibj ∈ N∗(R), for each i, j.
If i+ j = 0, then a0b0 = 0 implies that a0b0 ∈ N∗(R).
Let k be a positive integer such that aibj ∈ N∗(R), where i+ j < k.
Now, we prove aibj ∈ N∗(R), for i+ j = k.
By hypothesis, a0bk−1 ∈ N∗(R) and N∗(R) ⊆ N(R). Therefore, there exists a positive
integer u such that (a0bk−1)
u = 0, and hence, (bk−1a0)
u+1 = 0.
For brevity of notation, let p = n0k. Then for each pair rs, rt ∈ R, (rsa0bkrt)
p ∈ I. Now,
we fix r1, r2 ∈ R for further calculation. We have
((r1a0bkr2)
p+1r1a1)(bk−1a0)
u+1(bk−1r2(r1a0bkr2)
p+2) = 0.
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Now,
((r1a0bkr2)
p+1r1a1)bk−1, (r2(r1a0bkr2)
p+1r1), a0(bkr2(r1a0bkr2)
p+1r1a1) ∈ N(I)
and
(bk−1r2(r1a0bkr2)
p+2) ∈ N(I).
Therefore,
[((r1a0bkr2)
p+1r1a1)bk−1(r2(r1a0bkr2)
p+1r1)a0(bkr2(r1a0bkr2)
p+1r1a1)(bk−1a0)
u(bk−1r2(r1a0bkr2)
p+2)] =
0. This implies that
[((r1a0bkr2)
p+1(r1a1bk−1r2)(r1a0bkr2)
p+2)((r1a0bkr2)
p+1r1a1)(bk−1a0)
u(bk−1r2(r1a0bkr2)
p+2)] = 0.
Continuing this process, we get
[(r1a0bkr2)
p+1(r1a1bk−1r2)(r1a0bkr2)
p+2]u+2 = 0.
This implies
((r1a0bkr2)
p+1(r1a1bk−1r2)(r1a0bkr2)
p+2) ∈ N(I).
Similarly, we can show that
((r1a0bkr2)
p+1(r1aibk−ir2)(r1a0bkr2)
p+2) ∈ N(I),
for 2 ≤ i ≤ k. By equation (2.1), we have
r1a0bkr2 + r1a1bk−1r2 + · · ·+ r1akb0r2 = 0. (2.2)
Multiplying by (r1a0bkr2)
p+1 and (r1a0bkr2)
p+2 from left and right respectively in equa-
tion (2.2), we get
(r1a0bkr2)
p+1(r1a0bkr2)(r1a0bkr2)
p+2 = −[
k∑
i=1
(r1a0bkr2)
p+1(r1aibk−ir2)(r1a0bkr2)
p+2] ∈ N(I).
This implies (r1a0bkr2)
2p+4 ∈ N(I).
By same method we can prove that for any pair of r3, r4 ∈ R, (r3a0bkr4)
2p+4 ∈ N(I).
Thus, a0bk ∈ N∗(R).
Since, a1bk−2 ∈ N∗(R) and N∗(R) ⊆ N(R). Therefore, there exists a positive integer v
such that
(a1bk−2)
v = 0, and hence, (bk−2a1)
v+1 = 0.
Again, let q = n1,k−1. Then (r1a1bk−1r2)
q ∈ I, since R/I is an almost Armendariz ring
and hence
((r1a1bk−1r2)
q+1r1a2)(bk−2a1)
v+1(bk−2r2(r1a1bk−1r2)
q+2) = 0
[((r1a1bk−1r2)
q+1r1a2)bk−2(r2(r1a1bk−1r2)
q+1r1)a1(bk−1r2(r1a1bk−1r2)
q+1r1a2)(bk−2a1)
v
(bk−2r2(r1a1bk−1r2)
q+2)] = 0.
Continuing this process, we get
[(r1a1bk−1r2)
q+1(r1a2bk−2r2)(r1a1bk−1r2)
q+2]v+2 = 0.
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Therefore,
(r1a1bk−1r2)
q+1(r1a2bk−2r2)(r1a1bk−1r2)
q+2 ∈ N(I).
Similarly, (r1a1bk−1r2)
q+1(r1aibk−ir2)(r1a1bk−1r2)
q+2 ∈ N(I), for 3 ≤ i ≤ k.
Suppose, (r1a0bkr2)
w = 0, then
[(r1a1bk−1r2)
q+1(r1a0bkr2)(r1a1bk−1r2)
q+2]w = 0.
Hence,
[(r1a1bk−1r2)
q+1(r1a0bkr2)(r1a1bk−1r2)
q+2] ∈ N(I).
Again, multiplying in equation (2.2) by (r1a1bk−1r2)
q+1, (r1a1bk−1r2)
q+2 from left and
right respectively, we get
(r1a1bk−1r2)
2q+4 = −
∑k
i=2[(r1a1bk−1r2)
q+1(r1aibk−ir2)(r1a1bk−1r2)
q+2]−
[(r1a1bk−1r2)
q+1(r1a0bkr2)(r1a1bk−1r2)
q+2] ∈ N(I).
This implies (r1a1bk−1r2)
2q+4 ∈ N(I), for r1, r2 ∈ R. Therefore, there exists a positive
integer t2 such that [(r1a1bk−1r2)
2q+4]t2 = 0, for r1, r2 ∈ R. Similarly we can show that for
any pair of r3, r4 ∈ R, (r3a1bk−2r4)
2q+4 ∈ N(I). Hence a1bk−1 ∈ N∗(R). Continuing the
above process, we can show that a2bk−2, a3bk−3, . . . akb0 ∈ N∗(R). Thus, aibj ∈ N∗(R),
when i+ j = k.
Hence by induction, aibj ∈ N∗(R) for each i, j where 0 ≤ i ≤ m and 0 ≤ j ≤ n. Therefore,
R is an almost Armendariz ring.
Proposition 2.9. For a ring R, let R/I be an almost Armendariz ring for some ideal I
of R. If I is nilpotent, then R is an almost Armendariz ring.
Proof. Let f(x) =
∑m
i=0 aix
i, g(x) =
∑n
j=0 bjx
j ∈ R[x] such that f(x)g(x) = 0. Then
f(x)g(x) = 0. So (ai)(bj) ∈ N∗(R/I), since R/I is an almost Armendariz. Therefore,
(rpaibjrq)
nij ∈ I for each i, j and for any rp, rq ∈ R. Since I is a nilpotent ideal of R,
((rpaibjrq)
nij )k = 0, for some k, for each i, j, where 0 ≤ i ≤ m, 0 ≤ j ≤ n and for any
rp, rq ∈ R. So aibj ∈ N∗(R) for each i, j. Thus, R is an almost Armendariz ring.
3. STRUCTURAL PROPERTIES OF ALMOST ARMENDARIZ RING
We know by [[1], Theorem 2] that a ring R is Armendariz if and only if R[x] is an
Armendariz ring. But, for weak Armendariz ring R, R[x] need not be weak Armendariz
ring. In 2006, Liu and Zhao [[16], Theorem 3.8] proved that if R is semicommutative,
then R[x] is weak. Now, for almost Armendariz, we have the following:
Theorem 3.1. Let R be a ring. Then R is an almost Armendariz ring if and only if
R[x] is an almost Armendariz ring.
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Proof. Let p(y) = f0(x) + f1(x)y + · · · + fm(x)y
m, q(y) = g0 + g1(x)y + · · · + gny
n ∈
R[x][y] such that p(y)q(y) = 0, where fi(x), gj(x) ∈ R[x]. Write fi(x) = ai0 + ai1x +
· · · + aiuix
ui , gj(x) = bj0 + bj1x + · · · + bjvjx
vj , for each 0 ≤ i ≤ m and 0 ≤ j ≤ n,
where ai0, ai1, . . . , aiui , bj0, bj1, . . . , bjvj ∈ R. We have to show fi(x)gj(x) ∈ P (R[x]),
for each 0 ≤ i ≤ m and 0 ≤ j ≤ n. Choose a positive integer k such that k >
deg(f0(x)) + deg(f1(x)) + · · ·+ deg(fm(x)) + deg(g0(x)) + deg(g1(x)) + · · ·+ deg(gn(x)).
Since p(y)q(y) = 0 ∈ R[x][y], we get


f0(x)g0(x) = 0
f0(x)g1(x) + f1(x)g0(x) = 0
. . . . . . . . . . . . (∗)
. . . . . . . . . . . .
fm(x)gn(x) = 0
Now put
{
p(xk) = f(x) = f0(x) + f1(x)x
k + f2x
2k + · · ·+ fm(x)x
mk;
q(xk) = g(x) = g0(x) + g1(x)x
k + g2x
2k + · · ·+ gnx
nk. (∗∗)
Then
f(x)g(x) = f0(x)g0(x) + (f0(x)g1(x) + f1(x)g0(x))x
k + · · ·fm(x)gn(x)x
(n+k).
Therefore, by (∗∗), we have f(x)g(x) = 0 in R[x]. On the other hand, we have
f(x)g(x) = (a00 + a01x+ · · ·+ a0u0x
u0 + a10x
k + a11x
k+1 + · · ·+ a1u1x
k+u1 + · · ·+ am0 +
am1x
mk+1 + · · ·+ amumx
mk+um)(b00 + b01x+ b0v0x
v0 + b10x
k + b11x
k+1 + · · ·+ b1v1x
k+v1 +
· · ·+ bn0x
nk + bn1x
nk+1 + · · ·+ bnvnx
nk+vn) = 0.
Since R is an almost Armendariz ring, we have aicbjd ∈ P (R), for all 0 ≤ i ≤ m, 0 ≤ j ≤ n,
c ∈ {0, 1, . . . , ui} and d ∈ {0, 1, . . . , vj}. Therefore, fi(x)gj(x) ∈ P (R)[x] = P (R[x]), for
all 0 ≤ i ≤ m and 0 ≤ j ≤ n. Hence, R[x] is an almost Armendariz ring.
Theorem 3.2. A ring R is an almost Armendariz ring if and only if R[x, x−1] is an
almost Armendariz ring.
Proof. Let p(y) = f0+ f1y+ · · ·+ fry
r, q(y) = g0+ g1(x)y+ · · ·+ gsy
s ∈ R[x, x−1][y] such
that p(y)q(y) = 0, where f ′is, g
′
js ∈ R[x, x
−1]. Consider
fi = ai(−ni)x
−ni + ai(−ni+1)x
−ni+1 + · · ·+ ai(−1)x
−1 + ai0 + ai1x+ · · ·+ aimix
mi ,
gj = bj(−n′
j
)x
−n′j + bj(−n′
j
+1)x
−n′j+1 + · · ·+ bj(−1)x
−1 + bj0 + bj1x+ · · ·+ bjm′
j
xm
′
j ,
for all 0 ≤ i ≤ r and 0 ≤ j ≤ s, where ai(−ni), ai(−ni+1), . . . , ai(−1), ai0, ai1, . . . , aimi and
bj(−n′
j
), . . . bj(−1), bj0, bj1, . . . bjm′
j
are in R. Choose a positive integer k > maximum of ni,
for 0 ≤ i ≤ r and k′ > maximum n′j , for 0 ≤ j ≤ s. Then x
kp(y), xk
′
q(y) ∈ R[x][y].
Again, consider a positive integer t such that t > deg(f0) + deg(f1) + · · · + deg(fr) +
deg(g0)+ deg(g1)+ · · ·+ deg(gs), then x
kp(xt) = F (x), xk
′
q(xt) = G(x) ∈ R[x] and hence
F (x)G(x) = 0. Since R is an almost Armendariz so aicbjd ∈ P (R) for each i, j where
0 ≤ i ≤ r, 0 ≤ j ≤ s, c ∈ {(−ni) . . . (−1), 0, . . . , mi} and d ∈ {(−n
′
j) . . . (−1), 0, . . . , m
′
j}.
This implies figj ∈ P (R)[x, x
−1] = P (R[x, x−1]), for each 0 ≤ i ≤ r, 0 ≤ j ≤ s. Thus,
R[x, x−1] is an almost Armendariz ring.
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Let R be a ring and let S−1R = {u−1a | u ∈ S, a ∈ R} with S a multiplicative closed
subset of the ring R consisting of central regular elements. Then S−1R is a ring.
Proposition 3.1. Let R be a ring and S−1(R) as above. If R is an almost Armendariz
ring, then S−1(R) is an almost Armendariz ring.
Proof. LetR be an almost Armendariz ring. Let F (x) =
∑m
i=0 αix
i andG(x) =
∑n
j=0 βjx
j ∈
S−1R[x] be such that
F (x)G(x) = 0
where αi = u
−1ai, βj = v
−1bj with ai, bj ∈ R and u, v ∈ S. Now
F (x)G(x) = (uv)−1(a0 + a1x+ · · ·+ amx
m)(b0 + b1x+ · · ·+ bnx
n) = 0,
f(x) =
∑m
i=0 aix
i and g(x) =
∑n
j=0 bjx
j ∈ R[x] with f(x)g(x) = 0, since R is an al-
most Armenadariz ring aibj ∈ N∗(R). We know that if G = S
−1(R), then N∗(G) =
S−1(N∗(R)), so αiβj = aiu
−1bjv
−1 ∈ N∗(G). Hence S
−1(R) is an almost Armendariz.
Next, we prove that R is an almost Armendariz ring if and only if Un(R) is an almost
Armendariz ring. Here, it is noted that
N∗(Un(R)) =


N∗(R) R R
0
. . . R
0 0 N∗(R)


Proposition 3.2. A ring R is an almost Armendariz if and only if Un(R) is an almost
Armendariz.
Proof. Let R be an almost Armendariz ring. Let f(x) = A0 + A1x + A2x
2 + · · · +
Arx
r, g(x) = B0 + B1x + B2x
2 + · · · + Bsx
s ∈ Un(R)[x] such that f(x)g(x) = 0, where
A′is and B
′
js are
Ai =


ai11 a
i
12 . . . a
i
1n
0 ai22 . . . a
i
nn
...
...
. . .
...
0 0 . . . ainn

, Bj =


bj11 b
j
12 . . . b
j
1n
0 bj22 . . . b
i
nn
...
...
. . .
...
0 0 . . . bjnn

.
Then from f(x)g(x) = 0, we have
(∑r
i=0 a
i
ppx
i
)(∑s
j=0 b
j
ppx
j
)
= 0 ∈ R[x], for p =
1, 2 . . . n. Since R is an almost Armendariz, aippb
j
pp ∈ N∗(R), for each p and each i,
j. Therefore, AiBj ∈ N∗(Un(R)) for each i, j. Hence, Un(R) is an almost Armendariz
ring.
Corollary 3.1. If R is an Armendariz ring, then for a positive integer n, Un(R) is an
almost Armendariz ring.
Proposition 3.3. Let R be a reduced ring. Then Dn(R) is an almost Armendariz.
Proof. Reduced rings are Armendariz rings, therefore by Corollary (3.1), Dn(R) is an
almost Armendariz.
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Definition 3.1. Given a ring R and a bimodule RMR, the trivial extension of R by M
is the ring T (R,M) with the usual addition and multiplication defined as
(r1, m1)(r2, m2) = (r1r2, r1m2 +m1r2).
This is isomorphic to the ring of all matrices of the form
(
r m
0 r
)
with usual addition
and multiplication of matrices, where r ∈ R and m ∈M .
Corollary 3.2. Let R be a reduced ring. Then trivial extension T (R,R) is an almost
Armendariz.
Towards the property of an almost Armendariz ring forMn(R), we have the following
:
Example 3.1. Let F be a field and R = Mn(R) . Let f(x) = e11x − e12x and g(x) =
e21 + e11x, then f(x)g(x) = 0. But e11e11 = e11 is not strongly nilpotent. Thus, R is not
an almost Armendariz.
Definition 3.2. For an algebra R over commutative ring S, the Dorroh extension of
R by S is an abelian group D = R ⊕ S with multiplication given by (r1, s1)(r2, s2) =
(r1r2 + s1r2 + s2r1, s1s2), where r1, r2 ∈ R and s1, s2 ∈ S.
With this we have the following :
Theorem 3.3. Let R be an algebra over a commutative domain S and D the Dorroh
extension of R by S. Then R is an almost Armendariz ring if and only if D is an almost
Armendariz ring.
Proof. We notice that, s.1 ∈ R for any s ∈ S. So R = {r + s : (r, s) ∈ D}. Therefore
N∗(D) = N∗(R)⊕ {0}.
Let D be an almost Armendariz ring. Since D is trivial extension of R by S. Therefore,
R is an almost Armendariz ring.
Conversely, let R be an almost Armendariz ring. Let f(x) =
∑m
i=0(aibi)x
i = (f1(x), f2(x))
and g(x) =
∑
(cj, dj)x
j = (g1(x), g2(x)) ∈ D[x] be such that f(x)g(x) = 0 where,
f1(x) =
∑m
i=0 aix
i, f2(x) =
∑m
i=0 bix
i, g1(x) =
∑n
j=0 cjx
j and g2(x) =
∑n
j=0 djx
j . From
f(x)g(x) = 0, we have
f1(x)g1(x) + f1(x)g2(x) + f2(x)g1(x) = 0
and
f2(x)g2(x) = 0.
Since S is a domain, therefore, either f2(x) = 0 or g2(x) = 0.
Case 1. If f2(x) = 0, then from
f1(x)g1(x) + f1(x)g2(x) + f2(x)g1(x) = 0,
we have f1(x)g1(x) + f1(x)g2(x) = 0 and this implies f1(x)(g1(x) + g2(x)) = 0. Since
R is an almost Armendariz ring, we have ai(cj + dj) ∈ N∗(R) . Hence (ai, 0)(cj, dj) =
12
(aicj + aidj , 0) ∈ N∗(R)⊕ {0} for each i, j. Thus, D is an almost Armendariz ring.
Case 2. If g2(x) = 0, then from
f1(x)g1(x) + f1(x)g2(x) + f2(x)g1(x) = 0,
we have (f1(x) + f2(x))g1(x) = 0. Since R is an almost Armendariz ring, therefore,
(ai + bi)cj ∈ N∗(R) . Hence (ai, bi)(cj , 0) = (aicj + bicj, 0) ∈ N∗(R) ⊕ {0}, for each i, j.
Thus, D is an almost Armendariz ring.
Proposition 3.4. Let Ri be rings for i ∈ I. Then
∏
Ri (⊕Ri) is an almost Armendariz
ring if and only if Ri is an almost Armendariz ring for each i ∈ I.
Proof. We have, N∗(
∏
i∈I Ri) =
∏
i∈I N∗(Ri) andN∗(⊕i∈IRi) = ⊕i∈IN∗(Ri). Let f(x), g(x) ∈∏
i∈I Ri[x] be such that f(x)g(x) = 0. We also have, (
∏
i∈I Ri)[x] =
∏
i∈I Ri[x], therefore
f(x) =
∏
i∈I(fi(x)) ∈
∏
i∈I Ri[x] and g(x) =
∏
i∈I(gi(x)) ∈
∏
i∈I Ri[x]. We know that
each Ri is an almost Armendariz ring, so
∏
i∈I Ri is Armendariz ring. Similarly we can
show that ⊕i∈IRi is an almost Armendariz ring.
Finally, we calculated the minimal order of a noncommutative almost Armendariz
ring. In [5], Eldridge proved some results for the order of finite noncommutative ring
with unity as follows:
(1) A finite ring R with identity is commutative if |R| has cube free factorization.
(2) If R is noncommutative ring with identity and |R| = p3, then R is isomorphic to(
GF (p) GF (p)
0 GF (p)
)
.
Example 3.2. Let R =
{(
a b
0 c
)
: a, b, c ∈ Z2
}
. Then by Proposition (3.2), R is an
almost Armendariz ring.
Proposition 3.5. Let R be a noncommutative ring with identity. Then minimal cardi-
nality of R is 8 to be an almost Armendariz ring.
Proof. If R has cardinality 8, then it is isomorphic to
(
GF (2) GF (2)
0 GF (2)
)
. Hence from
Example (8), R is almost Armendariz.
Example 3.3. Let D be a domain and R =
(
D D
0 0
)
, S =
(
0 D
0 D
)
be two rings.
Let 0 6= f(x), 0 6= g(x) ∈ R[x] be such that f(x)g(x) = 0. Now, we can express f(x), g(x)
as follows:
f(x) =
(
f0 f1
0 0
)
, g(x) =
(
g0 g1
0 0
)
where f0, f1, g0, g1 ∈ D[x]. From f(x)g(x) = 0,
we get f0g0 = 0 and f0g1 = 0. If f0 = 0, then ab ∈ N∗(R) for each a ∈ Cf and b ∈ Cg. If
f0 6= 0, then g0 = 0, g1 = 0 and ab ∈ N∗(R) for each a ∈ Cf and b ∈ Cg. Thus, R is an
almost Armendariz ring. Similarly, we can prove that S is an almost Armendariz ring.
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Theorem 3.4. Let R be a non-commutative ring without identity. Then the minimal
cardinality of an almost Armendariz ring is 4.
Proof. Let R be a minimal noncommutative almost Armendariz ring without identity.
Since R is commutative when |R| ≤ 3, therefore, |R| ≥ 4. If |R| = 4 and R is nil, then
R is nilpotent as well as commutative by Lemma (2.7) of [14], which contradicts the
assumption. Therefore, R must be non-nil and |J(R)| = 0 or |J(R)| = 2. If |J(R)| = 0,
then R is also commutative by Theorem 3.4 of [11], again contradicts the assumption.
Hence, J(R) must have cardinality 2. Therefore, by Theorem (3.4) of [11], R is isomorphic
to
(
Z2 Z2
0 0
)
or
(
0 Z2
0 Z2
)
.
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